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Preliminary 5: Error Analysis
In this section:
1. Random errors and precision (variance, estimated standard deviation, standard deviation in the mean)
2. Rejection of discordant data (Q test)
3. Error probability distribution (normal distribution, standard deviation, student t distribution, uncertainty)
4. Presentation of results (rounding)
5. Propagation of error
6. Linear regression (calculation with Excel)
7. Determing uncertainties from a linear regression (calculation with Excel)
8. Percent error vs Uncertainty
1. Random Errors and Precision (variance, estimated standard deviation, and standard deviation in the mean)
Any experimental measurement made in the lab is subject to random errors. For example, when we take a
reading from an instrument, we estimate the continuous-scale reading to some fraction of the smallest interval (“scale
division”) between marks. This can lead to errors, which may differ slightly from person to person or when different
readings are taken. In addition, random fluctuations in environmental conditions, such as temperature, atmospheric
pressure, mechanical vibrations, electrical noise in the equipment, and voltage fluctuation in the electric supply, may
slightly affect the quantities being measured and hence lead to different instrumental readings. Because of this, when
readings are repeated several times, they are generally not identical but rather distributed or scattered within a certain
range. The magnitude of this scatter determines the precision of the measurement and thus characterizes the
uncertainty in the measured quantity.
Since random errors are inevitable, we need to characterize them and describe them mathematically. Through
this characterization we will learn to describe the precision and uncertainty of the measurement as mathematically
defined properties.
The average (or mean) of N measurements is expected to a more reliable value of the measured quantity
than any individual measurement:
(1)
The scatter in the measurements can be described in different ways. The range of measured values is:
(2)
The range can be used for quick estimates but is a rather crude characteristic.
Another measure is the Average deviation:
(3)
The value of the average deviation has the disadvantage of being sensitive to the sample size.
An unbiased measure of precision is the variance:
(4a)
(4b)
Notice the quantity (N – 1) in the denominator. This is called the number of degrees of freedom () – the number of
independent data, which is used in the calculation of the variance. Although we have N independent measurements
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(data) overall, one degree of freedom is used for the calculation of the mean . Note that while  = N-1 here, there are
circumstances in which  is less than N-1 (see below).
The square root of the variance is called the estimated standard deviation:
(5)
The estimated standard deviation is used to evaluate the precision of individual measurements. The precision of the
mean of N measurements is expected to be higher than that of individual measurements and is characterized by the
estimated standard deviation of the mean:
(6)
The precision of the mean can be increased by increasing N, i.e., the number of individual measurements. However, a
“point of diminishing return” is usually reached quickly, and rarely more than 10 measurements are made. In this
laboratory course, we are usually limited to 3-4 measurements of the same quantity.
Example of the calculation of the mean and standard deviation (you can use Excel to practice):
i
1
2
3
4
Total
Average
S2
S
Sm

xi
5
4
6
4
19
4.75
0.916667
0.957427
0.478714

(xi-xave)2
0.0625
0.5625
1.5625
0.5625
2.75

xi-xave
0.25
-0.75
1.25
-0.75

2. Rejection of Discordant Data (Q test)
Sometimes, one value from a set of measured data strongly disagrees with the rest. A statistically sound and
justified approach to verify whether this discordant value should be kept in the set (and hence, used in the calculation
of the mean and the standard deviation), or should be rejected and removed from the set, is called the Q test. The Q
test can be applied to a set of 3 to 10 measurements. The quantity Q is computed as
(6)
The value of Q should then be compared with the critical values Qc from Table 1, which depend on the number of
measurements in the data set. If Q is equal or larger than Q c, the discordant data should be rejected. If Q is less than
Qc, the measurement should be kept in the set.
Table 1. Critical Q values for rejection of a discordant value at 90% confidence level.
N
Qc

3
0.94

4
0.76

5
0.64

6
0.56

7
0.51

8
0.47

Q Test: Example
Sample data (different measurements of same thing): 1.12, 3.54, 3.65, 3.45, 3.67

2

9
0.44

10
0.41
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Qc (5)= 0.64; Q > Qc. Therefore, the 1.12 data point should be discarded.
Only one value in a data series may be rejected using the Q test. If there is more than one discordant value in
a small series, this is an indication that the data are really scattered.
3. Error probability distribution (normal distribution, standard deviation, student t distribution, uncertainty)
If we consider an infinite set of measurements of the same quantity with errors being absolutely random, the
behavior of these errors is described by an error probability function P():
(7)
Thus, the error probability function is represented by a Gaussian distribution or normal error probability function.
By definition the, the error probability function integrates to unity in the interval from minus infinity to plus infinity:
(8)
The standard deviation, , is a parameter that characterizes the width of the distribution, i.e., the root-mean-square
error for the infinite set of measurements, which follows the given error probability function:
(9)
If a true value of the measured quantity x0 is known and therefore the errors i are also known for each measurement,
 can be estimated from a finite number of measurements N:
(10)
The value of  from Eq. (10) converges to the true value from Eq. (9) as N goes to infinity.
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The normal probability function (distribution) is used to evaluate the probability that an error is less than a certain
value , or, vice versa, to establish the limiting width of the range from - to , within which the integrated probability
P has a given value,
(11)
For example, for  = , P = 0.6826, meaning that the probability of an error being equal to or less than  is 68.26%.
If P is specified as 0.95 (95 %),
(12)
This is called a “95 % confidence limit,” that is, one can say that for the data set described by the normal (Gaussian)
probability function, an error will be equal to or less than 1.96 with a probability of 95 %, or in other words, we have
a 95 % confidence that any measurement in the infinite set will be within 1.96  from the true value. On the other
hand, we have only 68.26 % confidence that any measured value deviates from the exact value less than , i.e. that
the value is in the range x0 -  to x0 +  .
Table 2. Correspondence between uncertainty and confidence level.
Uncertainty
Confidence level

+
68.26

+1.64
90

+1.96
95

+2.58
99

+3.29
99.9

The normal (Gaussian) probability distribution describes only very large sets of measurements accurately. For such
large sets, we can calculate the standard deviation of the mean, from the estimated standard deviation given by Eq. (5)
(13)
and use it to determine a given confidence limit for the mean, :
(14)
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The procedure works well for large data sets even though, technically, the Gaussian probability distribution is derived
for infinite data sets. However, the Gaussian probability distribution is significantly inaccurate for a small set of
measurements with random errors. Errors in such small sets are better described by the so-called Student t
distribution derived by W. S. Gosset:
(15)

where

(16)

Confidence limits can be calculated from the critical values t for a given number of degrees of freedom  and a given
P. The critical values of t are presented in Table 3.
(17)

Table 3. Critical values of t.
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Let’s consider the same example of calculations of standard deviation as before:
i
1
2
3
4
Total
Average
S2
S
Sm

xi
5
4
6
4
19
4.75
0.916667
0.957427
0.478714

xi-xave
0.25
-0.75
1.25
-0.75

(xi-xave)2
0.0625
0.5625
1.5625
0.5625
2.75

Here we have N = 4 and hence, the number of degrees of freedom  = 3. From Table 3, we find t0.95 = 3.18. Then,
 = t0.95Sm = 3.18*0.478714 = 1.522307  1.5
The result of these measurements can be presented as 4.75 + 1.5 at the 95 % confidence level.
4. Presentation of numerical results (rounding)
Scientists have settled on a consistent way to present values and uncertainties to a reasonable number of
significant figures. The principle underlying the convention is that large numbers of significant figures in the error
have little meaning, and the presentation of digits with little meaning can distract readers, obscure trends, and lead to
human mistakes. The convention may vary slightly according to circumstance and field, but the most widely used
rounding method is described below. You will be expected to follow it in this course.
1. Consider a value + uncertainty, e.g. 3.453 + 4.556, value = 3.453; uncertainty = +4.556.
2. Express the uncertainty in scientific notation and round to two significant figures.
3. If, in the rounded uncertainty, the number preceding the power of ten is 2.5 or less, keep both digits.
Otherwise round to one digit.
4. Express the value and its rounded uncertainty in scientific notation using the same power of ten for both.
Then round the value to the same decimal place as the uncertainty.
5. Note that we generally give the power of ten only once, following the uncertainty, and that by implication it
applies to both the value and the uncertainty.
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Rounding: two examples
Original: 257888±189
Uncertainty: 189  1.89102  1.9102
Final: 2578.88 ±1.9102  2578.9 ±1.9102 or 2.5789 ±0.0019105
Original: 7.783471±0.04688
Uncertainty: 0.04688  4.68810-2  4.710-2  510-2
Final: 778.3471 ±510-2  778 ±510-2 or 7.78 ±0.05
5. Propagation of errors
Raw measured data are often used to calculate other physical quantities based on established or expected
relations or correlations between them. Therefore, it is important to understand how errors/uncertainties in the
measured data determine or affect uncertainties in calculated quantities. The mathematical process for doing so is
called propagation of errors. Let us consider the calculated result F, which is determined from the directly measured
quantities x, y, z, …, which are mutually independent. Let us assume that these measured quantities have uncertainties
(95 % confidence limits) x, y, z, … The value of F is defined as a function:
F = f(x, y, z, …)

(18)

Propagation of errors allows us to determine the uncertainty (95 % confidence limit) in F, i.e., F. Consider a Taylor
expansion for F:
(19)
For small changes in the variables, we can write
(20)
If x is the experimental error (x) in the measured quantity x,
(21)
then, the error in F, i.e.,
(22)
is evaluated as:
(23)
Propagation of systematic errors
Systematic or “determinate” errors are not governed by statistics and hence Eq. (23) can be directly used to
propagate them to the systematic error in F. Here are two important examples:
(24)
(25)
If systematic errors are known, they should be corrected.
Propagation of random errors
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When we deal with random errors, the actual values of (x), (y), (z) are not known and we cannot determine
the actual value of (F). However, we can find the standard deviation and confidence limit for each measurable
quantity and, on this basis, evaluate the standard deviation and confidence limit for F. Let us square Eq. (23):
(26)
Since the (x), (y), (z) values have average values of zero, the cross terms containing their products are expected to
vanish. Then the equations for the variance or standard deviation and confidence limit of F can be expressed as:
(27)

(28)
The following important examples can be used for error propagation calculations:
(29)
(30)

(31)
(32)

(33)
If a function uses as its variables other functions that in turn depend on the measured variables, Eq. (28) for propagation
of errors can be used in a stepwise manner. Consider

Then,
(34)
Standard deviations and confidence limits for the functions A and B can be expressed from those for the measured
variables x1, x2, … and y1, y2, … also using Eq. (28):
(35)

(36)
The partial derivatives required in the formulas for propagation of errors can be calculated by analytical
differentiation of the known functions. However, if such differentiation is too cumbersome for a sophisticated
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function, the derivatives can be computed numerically, using computational differentiation based on the method of
finite differences:
(37)
Such calculations are convenient to perform using Excel:
1) Specify the value of x and calculate F(x).
2) Specify x and calculate F(x+x). Then, F = F(x+x) – F(x).
3) Calculate F/x.
4) Reduce x by a certain factor (e.g., a factor of 10). Repeat the calculation F/x.
5) Repeat step 4) as many times as needed until F/x no longer changes.

6. Linear Regression
Very often data points taken by measurements in the lab are expected to follow a certain trend, for example,
a straight line. In this case, the slope and intercept of the trendline can be determined by a mathematical procedure
called linear regression. This procedure also allows us to calculate standard deviations and confidence limits for the
fitting parameters, i.e., the slope and intercept. Suppose, for example, that m data points (x1,y1), …, (xm,ym) were
measured and we expect a linear dependence of y on x, i.e.,
The parameters a (intercept) and b (slope) and their standard deviations can be calculated as follows:
(38)
(39)

9

CHM 3410L Lab Manual

v. 5/2020

where

(40)

The correlation coefficient R2 characterizing the quality of the fit (the closer to the unity, the better) is calculated as
(41)

(42)
Here, v = m – 2, is the number of degrees of freedom in the regression fit. Standard deviations for a and b are computed
using the ESE value:
(43)
Finally, confidence limits are evaluated from the standard deviations and t0.95 from the Student distribution. However,
Excel allows you to carry out all these calculation automatically.
Linear Regression with Excel (explicitly for Excel 2010, but the process is very similar for other versions of Excel):
(taken from http://blog.yojimbocorp.com/2012/05/03/linear-regression-with-excel-2010/)
First, we will need to enable the Analysis ToolPak for Excel:
1) Click File and select options
2) Select Add-ins on the left hand menu
3) Select Excel Add-ins in the drop down list named Manage at the bottom of the pop up
4) Click the ‘Go’ button
5) Tick the checkbox for Analysis ToolPak if it is empty
6) Click the ‘Ok’ button
Once the Add-in is installed, create a table of data similar to the following:
x
7
12
14
6
22
38
14
9
10
11

y
216
302
431
151
677
958
431
227
308
277

To perform the Regression analysis, select a cell and then click the ‘Data’ ribbon tab. Then double-click the Data
Analysis section of the ribbon. This will present a popup similar to the following:
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Select the Regression option and click the ‘Ok’ button. This will prompt another popup to enter the cell ranges for
the data which will be analyzed:

For the Input Y Range, select all cells in the Y column; including the header. Do the same for the Input X Range
using the X column. Be sure to select the Labels checkbox and then click the ‘Ok’ button. Doing so will create the
regression analysis within your spreadsheet:
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We focus on the R Square value, and the Coefficients of the rows labeled ‘Intercept’ and ‘x’. The best way to
demonstrate the significance of these values is to present them in a scatter chart with the linear trend line being
rendered. This can be done in the following steps:
1) Click an empty cell
2) Select the ‘Insert’ ribbon tab
3) Select the Scatter Plot and choose ‘Scatter with only Markers’
4) Right Click in the center of the Chart and choose ‘Select Data’
5) Highlight your data table including the column header lines
6) Click the ‘Ok’ button
Your chart should be displayed in a way similar to the following:
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The following steps can be used to display the linear trend line in the chart:
1) Left Click any of the plot markers
2) Right Click and select ‘Add Trendline’
3) Select Linear in the Trendline Options pop up
4) Enable the checkbox for ‘Display Equation on chart’
5) Enable the checkbox for ‘Display R-Squared value on chart’
6) Click the close button
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7. Determining uncertainties from a linear regresssion
The uncertainty at the 95% confidence level can also be obtained from a linear regression. Two
uncertainties can be obtained: (1) the uncertainty in the intercept (for a line y = mx + b, this would be the uncertainty
in b), (2) the uncertainty in the slope (i.e. in m). Both will be described for the example in the “SUMMARY
OUTPUT” block of data given earlier.
The uncertainties are obtained from the bottom section of the “SUMMARY OUTPUT” where lines
beginning “Intercept” and “x” are found. Taking “Intercept” as the first example, the following two entries are
labeled “Coefficient” and “Standard Error,” respectively. The “Coefficient” is the intercept itself (b). The “Standard
Error” is the equivalent of S discussed earlier. The uncertainty can be determined from the “Standard Error” if you
know  (number of degrees of freedom) and the critical t value. However, it is easier to use the columns labeled
“Lower 95%” and “Upper 95%.” There are two pairs of such columns; use the first pair. The uncertainty is just half
the difference between “Upper 95%” and “Lower 95%.” In the example, then, the uncertainty in b is given by:
1
∆= (95.35 − (−33.92)) = 64.64
2
In most cases, of course, this value would be rounded to  = 60.
The uncertainty in the slope is determined from the line beginning “x”. The column labeled “Coefficient” is
just the value of the slope from the fit (note that the slope, m, is by definition the coefficient of x in the equation of a
line). Once again, use the values under “Upper 95%” and “Lower 95%” to determine the uncertainty:
1
∆= (29.50 − 21.84) = 3.83
2
In most cases, of course, this value would be rounded to  = 4.
And there you have it; Linear Regression done simply in Excel.
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8. Percent error vs Uncertainty
We close this section with a remark on percent error vs uncertainty as a way to quantify error. You may be
used to using percent error in lab reports for previous courses:
% error =

experimental value − established value
× 100%
established value

Percent error, though, is generally not sufficient for physical chemistry courses. You will generally not
receive credit for an error analysis written in terms of percent error. Why is this?
In physical chemistr lab, we want you to discuss the significance of your error quantitatively. For example, let’s
say your best value is 87, and the uncertainty, evaluated at the 95% confidence level, is 3. You report the error as
87 ± 3. Suppose the literature values is 88. You can then state: “The value from our experiment is in agreement
with the literature value at the 95% confidence level.” or “At the 95% confidence level, there is no significant
difference between the literature value and the experimental value reported here.” On the other hand, if the literature
value were 92 (which differs from 87 by more than 3), you would conclude something like: “Our experimental value
does not agree with the literature value to 95% certainty” or “The difference between our experimental value and the
literature value is significant at the 95% confidence level.” This is the kind of quantitative statement about the
significance of error that we expect in your lab reports.
If, on the other hand, you calculate a percent error, there is no statistical basis for making a a quantitative
statement about the significance of the error. The best you can say is something like: “The % error seems small” or
“The % error seems large,” but you have no reference for what “small” and “large” means. The statements are
entirely qualitative. This is not good enough for the lab reports in this course.
What is the connection to the real life of a scientist? Scientists tend to publish expriments that have not been
done before, so there is often no literature value for comparison. Eventtually, to validate the claims made about a
new experiment, a second trial is done. Scientists then look to see whether there is a significant difference between
the two. The usual standard is the 95% confidence level (but not always). If the difference is significant at the
established confidence level, it means that someone made a mistake, or sometimes that some underlying
assumptions about the science are wrong. Disagreements push scientific understanding forward. But you have to
establish when a disagreement is significant. That is the purpose of calculating .
Now, there is certainly a place for percent error. For example, perhaps acceptable tolerances (Toxicological?
Legal?) have been calibrated in terms of percent error or percent difference. You may use percent error in other
courses, perhaps for other purposes. But in this course, we want you to learn to discuss the significance of
differences between your measured value and another value (perhaps the literature) quantitatively, using the
language of statistical confidence level (uncertainty).
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